Accurate numerical scheme for the flow by curvature  by Kimura, M.
Appl. Math. Lett. Vol. 7, No. 1, pp. 69-73, 1994 
Printed in Great Britain. All rights reserved 
08939659/94 86.00 + 0.00 
Copyright@ 1994 Pergamon Press Ltd 
Accurate Numerical Scheme 
for the Flow by Curvature 
M. KIMURA 
Research Institute for Mathematical Sciences, Kyoto University 
Kyoto, 606-01, Japan 
(Received June 1993; accepted July 1993) 
Abstract-h accurate finite difference scheme for the flow by curvature in w2 is presented, and 
its convergence theorem is stated. The numerical scheme has a correction term which is effective in 
locating points uniformly and the effect prevents the computation from breaking down. 
1. INTRODUCTION 
The purpose of this paper is to propose an accurate numerical scheme to solve the flow by curva- 
ture in R2. The flow by curvature in P2 means a family of smooth Jordan curves parametrized 
by time t whose outward normal velocity w is equal to --IE. (6 denotes the curvature which is 
positive in the case of a convex curve.) The problem is, for a given smooth Jordan curve rc, to 
find a flow by curvature {I’(t)}t<c satisfying I’(0) = l’e. 
This problem is one of the simplest moving boundary problems and its mathematical properties 
are almost completely known due to [1,2] According to their theories, for a smooth initial Jordan 
curve I’s (C2 is enough), there exists an extinction time T* and a unique solution {l?(t)}cSt<T*, 
moreover {r(t) 1 is analytic for t > 0. 
There are many numerical computations for the flow by curvature in lR2 or multidimensional 
case, for example [3-61, etc., by various methods (finite difference method, finite element method, 
level set approach, etc.). But, in almost every case, they have no mathematical proof of the 
convergence, as far as the author knows. It is necessary to establish the mathematical foundations 
of numerical computation for moving boundary problems including the flow by curvature, and 
this paper is the first step for it. 
In this paper, {r(t)}clt<T* denotes a flow by curvature, where T’ denotes the extinction 
time, and I(t) denotes the length of l?(t). We assume that there exists a function cp E P(llU x 
[0, T’); W2), m 1 2 such that 
r(t) = {z E w2; 2 = p(5, t), s E R, t E [0, T*)}, 
bds,t)l = 1, cp(s,t) = cp(s + l(t), t), V(s,t) E R x [(AT*), 
where cp = (~1, 9~)~~ 1(x1, ~4~1 = (21~ +Q~)“~, dP and the direction of cpS = - is counter- 
clockwise. Moreover, we set 
&3 
and define the unit tangent vector r, the unit outward normal vector u, the curvature tc, and the 
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outward normal velocity v on I’(t) as follows: 
r(s,t) := (Ps(% t), u(s,t) := JT(S, t), 
lc(s,t) := -4% t) . (Pss(s, q v(s, t) := u(s, t) . cpt(s, t). 
We remark that if 0 < T < T*, there exists a constant 6 > 0 such that the mapping Mt defined 
on &,a := S’(t) x (-5,6) (where we set S’(t) := R/l(t)@; 
Mt : Dt,a + R2, M,(s, r-) := cp(s, t) + w(s,t), 
is a homeomorphism from Dt,6 to Na(lT(t)) := {CC E R2; Id(~,I’(t))l < 6}, for all t E [O,T]. 
Let us define two functions s(z, t) and r-(x, t) by 
(s(z, t),r(z, t)) := M;‘(s), for (z, t) E Nr := ((5, t); z E N6(r(t)), 0 I t 5 T} . 
In the following argument, we regard s(z, t) E IR taking a suitable branch. 
The problem of the flow by curvature is represented in the next form. 
PROBLEM 1.1. For a given Jordan curve ITo of class C 2, find a family of Jordan curves {r(t)}qo 
such that 
zI(s, t> = -K(S, t) 
r(o) = ro. 
2. NUMERICAL SCHEME AND CONVERGENCE THEOREM 
In this section, we propose a finite difference scheme for Problem 1.1 and give a convergence 
theorem without the proof. We denote the exact solution of Problem 1.1 by {I’(t)}Olt<T., and 
let a parametric representation v, E Cm@ x [0, T*)) of {I’(t)}O<t<T. be fixed. Let {cp~}~=, c W2 
denote a numerical solution approximating I’(kAt), where At 7s a small time difference. 
Numerical Scheme 
Let the parameters ~1 E (0, l), X > 0, and n E N be fixed, and set h := l/n, At := Xh2. We 
start this algorithm from a discretized initial data {~p~}~=~. 
For k = 0, 1, 2,. . . , construct an approximate solution for I’((k + 1)At) from {q~$}jn,r, as 
follows: 
1. Set 
and determine {$}3?,1 C W by solving the linear system 
k 
aj+l - 3 ak = -hb’e 3’ (j = l,...,n), 
n 
c 
a’E = 0. * 
i=l 
2. For each j, set 
(i = -2, -1, 1, 2) 
i $Q;+i - 9: 
ri := m di 1 (i = -2, -1, 1, 2), 
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2(71 - 7-I) %k:=P d 2(72 - T-2) (0.1) 
1 
+d_ 
1 
+(1-p) d2+d_ 
2 
+aj-72+4T1+64r_l-r-2, 
and evaluate an approximate solution at t = (Ic + 1)At by 
i+$+’ := ‘ps + At%k. 
For simplicity, we set r! := T (pj, kAt) and s$ := s (pi, /cat), if (pjk E NJ (I’(kAt)). Before 
describing the theorem, we state here some remarks on the numerical scheme. 
REMARK 1. Since Problem 1.1 is parabolic (see [l], for example), our numerical scheme adopts 
the relation At = Xh2 in the same manner of a usual finite difference scheme for the heat equation. 
REMARK 2. The terms 2(7i - r-i)/(di + d-i) and 2(rs - r-2)/(& + d-2) in 2.1 approximate 
vas (sf, kAt) = -K (s;, /cat) v (sjk, kAt). 
REMARK 3. (--72 +4q +47-l - 7-2)/6 approximates r(s;, kA) accurately, and the term a!(--72 
+ 471 + 47-i - r-2)/6 is a correction term which is effective in locating points uniformly. If the 
scheme is not equipped with the third term, di may diminish to stop the computation. 
For our main theorem, we require discretized initial data to satisfy the next assumption. 
ASSUMPTION 2.1. There exist positive constants Rc and Se such that, for all n, we have approx- 
imate initial data { cp~}~=i satisfying the inequalities: 
Irj”l 5 Roh2, Is;+, - s; - l(O)hl 5 Soh3. 
THEOREM 2.2. We fix p E (0,l) and T E (O,T*). Suppose that the exact solution cp of 
Problem 1.1 is of class C5 for t 2 0 and that Assumption 2.1 is satisfied. Then there exist positive 
constants Xc, R, C,, Cl, C,, and a positive integer Nx for X E (0,X0) such that, for n > Nx, 
the approximate solution {@}~=,, (0 I Ic I T/At) is successively determined. Moreover, 
‘p: E iV6 (I’(lcAt)) and they satisfy the following conditions. 
1. ]rjk] 5 Rh2. 
2. Is;+~ - sjk - l(kAt) hl 5 C,h3. 
3. Ilk - l(kAt)l 5 Clh2. 
4. 
Our main tool in the proof is the Taylor expansions of r (@l, (Ic + 1)At) and r (p:+‘, (k + 1)At). 
A full paper including the proof is now in preparation. 
3. NUMERICAL EXAMPLES 
In this section, we show some numerical example in Figures 1-3, which were computed by the 
proposed scheme. The parameters were taken to be p = 0.7, A = 0.1, and n = 100 and numerical 
solutions are plotted every 0.025 time in all examples. From the figures, we can see that the 
numerical solution becomes convex from a nonconvex shape and shrinks to a point. 
All examples were computed using double precision on the CONVEX C3420 computer at 
Research Institute for Mathematical Sciences, Kyoto University. 
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Figure 1. Short Banana. 
Figure 2. Long Banana. 
Figure 3. Dumbbell. 
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